Summary. We prove a technical result, showing that the existence of a closable unbounded dual system in the sense of Voiculescu is equivalent to the finiteness of free Fisher information. This approach allows one to give a purely operatoralgebraic proof of the computation of the non-microstates free entropy dimension for generators of groups carried out in an earlier joint work with I. Mineyev [4]. The same technique also works for finite-dimensional algebras.
Introduction
Free entropy dimension was introduced by Voiculescu [7, 8, 9] both in the context of his microstates and non-microstates free entropy. We refer the reader to the survey [11] for a list of properties as well as applications of this quantity in the theory of von Neumann algebras.
The purpose of this note is to discuss several technical aspects related to estimates for free entropy dimension.
The first deals with existence of "Dual Systems of operators", which were considered by Voiculescu [9] in connection with the properties of the difference quotient derivation, which is at the heart of the non-microstates definition of free entropy. We prove that if one considers dual systems of closed unbounded operators (as opposed to bounded operators as in [9] ), then existence of a dual system becomes equivalent to finiteness of free Fisher information. Using these ideas allows one to give a purely operator-algebraic proof of the expression for the free entropy dimension of a set of generators of a group algebra in terms of the L 2 Betti numbers of the group [4], clarifying the reason for why the equality holds in the group case. We also point out that for the same reason one is able to express the non-microstates free entropy dimension of an n-tuple of generators of a finite-dimensional von Neumann algebra in terms of its L 2 Betti numbers. In particular, the microstates and non-microstates free entropy dimension is the same in this case.
The second aspect deals with the question of semi-continuity of free entropy dimension, as formulated by Voiculescu in [7, 8] . We point out that a counterexample exists to the question of semi-continuity, as stated. However, the possibility that the free entropy dimension is independent of the choice of generators of a von Neumann algebra is not ruled out by the counterexample.
Unbounded Dual Systems and Derivations

Non-Commutative Difference Quotients and Dual Systems
Let X 1 , . . . , X n be an n-tuple of self-adjoint elements in a tracial von Neumann algebra M . In [9] , Voiculescu considered the densely defined derivations ∂ j defined on the polynomial algebra C(X 1 , . . . , X n ) generated by X 1 , . . . , X n and with values in
M ) the orthogonal projection onto the trace vector 1, then the derivations ∂ j are determined by the requirement that ∂ j (X i ) = δ ij P 1 .
Voiculescu showed that if ∂ * j (P 1 ) exists, then ∂ j is closable. This is of interest because the existence of ∂ * j (P 1 ), j = 1, . . . , n is equivalent to finiteness of the free Fisher information of X 1 , . . . , X n [9] .
Also in [9] , Voiculescu introduced the notion of a "dual system" to X 1 , . . . , X n . In his definition, such a dual system consists of an n tuple of operators Y 1 , . . . , Y n , so that [Y i , X j ] = δ ij P 1 , where Although Voiculescu required that the operators Y j be anti-self-adjoint, it will be more convenient to drop this requirement. However, this is not a big difference, since if
. . , X n ). Note that the existence of a dual system is equivalent to the requirement that the derivations ∂ j :
In particular, Voiculescu showed that if a dual system exists, then ∂ j : L 2 (M ) → HS are actually closable, and ∂ * j (P 1 ) is given by (Y j − JY * j J)1. However, the existence of a dual system is a stronger requirement than the existence of ∂ * j (P 1 ).
Dual Systems of Unbounded Operators
More generally, given an n-tuple T = (T 1 , . . . , T n ) ∈ HS n , we may consider a derivation ∂ T : C(X 1 , . . . , X n ) → HS determined by ∂ T (X j ) = T j [6] . The particular case of ∂ j corresponds to T = (0, . . . , P 1 , . . . , 0) (P 1 in j-th place).
